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Chapter 5
Reverse Approac h

\The only real voyage of discovery consistsnot in seekingnew land-
scapesbut in having new eyes."

[Mar cel Proust

5.1 Intro duction

The results of forward modeling with oneadjustable point in the chemicalpro Te
make it clear that information about the internal structure is cortained in the
data, and we just needto learn how to extract it. If wewant to test more compli-
cated adjustable pro les, forward modeling quickly becomedoo computationally
expensie asthe dimensionality of the seart spaceincreases.We needto devise
a more excient approad to explorethe myriad possibilities.

The natural frequencythat dominatesthe determination of pulsation periods
in white dwarf modelsis the Brunt-VAis#lA (BV) frequency which we calculate
using the Modi ed Ledoux treatment described in Tassoul,Fontaine & Winget
(1990). To get a senseof how the pulsation periods depend on the BV frequency
in various regions of the model interior, we added a smaooth perturbation to
the best-t model of GD 358 from Table 4.2, moving it one shell at a time
from the certer to the surface. The perturbation arti cially decreasedhe BV
frequency acrossseen shells, with a maximum amplitude of 10 percern. We
monitored the e®ecton ead of the pulsation periods asthe perturbation moved
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54 CHAPTER 5. REVERSE APPROACH

outward through the interior of the model. The results of this experimert for
the pulsation periods correspnding to those obsened in GD 358 are shavn in
Figure 5.1. Essetially, this experimert demonstratesthat the pulsation periods
are sensitive to the conditions all the way down to the inner few percert of the
model. Sincethe obsenational uncertainties on eat period are typically only
a few hundredths of a second,even small changesto the BV frequencyin the
model interior are signi cant.
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Figure 5.1: For the best- t model of GD 358from Table 4.2 this plot shows the
changein pulsation period for © = 1 modesof variousradial overtone number (k)
which result from a smooth arti cial 10%decreasen the Brunt-VAis#lAfrequency
as a function of the natural log of the ratio of the distance from the certer of
the model to the local pressure(top axis) and the fractional masscoordinate
i log(1j m=M,) (bottom axis). The certer of the model is to the left, and
the surfaceis to the right. Also indicated is the massfraction expressedas a
percenage for seeral valuescloserto the certer.
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5.2 Mo del Perturbations

The root-mean-squargr.m.s.) residualsbetweenthe obsened pulsation periods
in GD 358 and those calculated for the best- t from forward modeling are still
much larger than the obsenational noise. This suggeststhat either we have
left something important out of our model, or we have neglectedto optimize
one or more of the parametersthat could in principle yield a closer match to
the obsenations. To investigate the latter possibility, we introduced ad hac
perturbations to the BV frequency of the best-t model to seeif the match
could be improved. Initially , we concertrated on the region of the Brunt-VAis#ld
curve that correspndsto the internal chemical pro le.

If we look at the BV frequencyfor modelswith the samemass,temperature,
helium layer mass,and certral oxygen massfraction but di®eren internal chem-
ical pro les (seeFigure 5.2) it becomesclear that the di®erencesre localized.
In general,we nd that changesin the composition gradiert causeshifts in the
BV frequency Moving acrossan interface where the gradiert becomessteefer,
the BV frequencyshifts higher; at an interfacewherethe gradiert becomesmore
shallov, the BV frequencyshifts lower. The greaterthe changein the gradiert,
the larger the shift in the BV frequency

5.2.1 Pro of of Concept

We beganby generatinga model with the samemass,temperature, helium layer
mass,and internal composition asthe best- t from Table 4.2, but usinga uniform

internal chemical pro le with constart 20:80C/O out to the 95 percert mass
point. We identi ed a sequenceof 100 shellsin this model spanning a range
of fractional massfrom 0.20to 0.97 and perturbed the BV frequencyto try to

producea better match to the obsenations. We parameterizedthe perturbation

as a linearly varying multiplicativ e factor applied to the BV frequencyover a
range of shells,described by four parameters: (1) the innermostshellto perturb,

(2) the magnitude of the perturbation at the innermost shell, (3) the number of
shellsin the perturbation range, and (4) the magnitude of the perturbation at
the outermost shell. These4 parametersare suxcient to descrike a pro le with

two abrupt changesin the composition gradiert.
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In(r/p)

Figure 5.2: The Brunt-VAis#l4 frequencyas a function of the radial coordinate
In(r/p) for seweral modelswith the samemass,temperature, helium layer mass,
and certral oxygen massfraction but di®eren internal chemicalpro les (a) from
the certer of the model at left to the surfaceat right, and (b) only in the range
of In(r/p) indicated by the dashedbox in the upper panel. The three curves
correspndto a pro le with gequalto 0.2 (dotted), 0.49(solid), and 0.8 (dashed).

The innermost shell was allowed to be any of the 100shells,and the number
of shellsin the perturbation range was allowed to be between0 and 100. If the
chosenrangewould introduce perturbations outside of the sequencef 100shells,
the outermost of these shellswas the last to be perturbed. The magnitude of
the perturbation wasallowedto be a multiplicativ e factor between1.0and 3.0 at
both the innermostand outermostperturbed shells,and wasinterpolated linearly
in the shellsbetweenthem.

By using a GA to optimize the perturbation, we cantry many random pos-
sibilities and evertually nd the global best-t with far fewer model evaluations
than a full grid searh of the parameter-space. We demonstrated this by in-
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troducing a particular perturbation to the model and determining the pulsation
periods. Using the sameunperturbed model, we then attempted to nd the pa-
rametersof the perturbation by matching the periods using the GA. In 9 out of
10 runs (500 generationsof 64 trials), the GA found a rst-order solution within
two grid points of the input perturbation. Thus, the GA combined with a small
(625 point) grid seard yieldsa 90 percen probability of succesgor an individual
run. By repeating the processse\eral times, the probability of nding the correct
answer quickly exceed99.9percen, evenwhile the number of model evaluations
requiredremainshundredsof times lower than a full grid of the parameter-space.

5.2.2 Application to GD 358

Having demonstratedthat the method works on calculated model periods, we
applied it to the obsened pulsation periods of GD 358. We began with a
model similar to the 5-parameter best-t determined from forward modeling,
but again using a uniform internal chemical pro le (constart 16:84C/O out to
0.95m=M,). After the GA had found the best- t perturbation for GD 358, we
reverse-engineerethe correspnding chemical pro Te.

To accomplishthis, we rst lookedin the unperturbed model for the fractional
masscorrespnding to the innermost and outermost shellsin the perturbation
range. We xed the oxygenabundanceto that of the unperturbed model from the
certer out to the fractional massof the innermostperturbed shell. The sizeof the
shift in the BV frequencyis determined by how much the composition gradiert
changesat this point, so we adjusted the oxygen abundanceat the fractional
massof the outermost perturbed shelluntil the changein the gradiert produced
the required shift. Finally, we xed the oxygen abundanceto that value from
the outermost perturbed shell out to a fractional massof 0.95,whereit abruptly
goesto zero.

After we found the C/O prole of the best-t perturbation in this way, we
~xed this reverse-engineeregro le in the models and performeda new t from
forward modelingwith the GA to re-optimizethe mass,temperature, helium layer
mass,and certral oxygen massfraction. The BV curve of the nal model di®ers
slightly, of course,from that of the original uniform composition model with the
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perturbation added. But the appraximate internal structure is presened, and
leadsto a better match to the obsened pulsation periods than we could have
otherwisefound.

5.3 Results

The calculated periods and period spacings(¢ P = Py.+1 | Px) for the best-t
models from the 5-parameterforward modeling and from the reverseapproach
areshown in the bottom two panelsof Figure 5.3 alongwith the data for GD 358.
The best- t modelsof Bradley & Winget (1994b)and Metcalfe, Nather & Winget
(2000) are shown in the top two panelsfor comparison. The data in Figure 5.3
for the obsenations and our best- t models are given in Table 5.1. Someof the
improvemer evidert in the panelsof Figure 5.3 is certainly due to the fact that
we have increasedthe number of free parameters. To evaluate whether or not
the new modelsrepresen a signi cant improvemern to the t, we usethe Bayes
Information Criterion (BIC), following Montgomery, Metcalfe & Winget (2001).

The ts listed in Table4.2usedn, = 3 completely free parameters,sampling
seeral combinations of two additional parameters. This amourts to a partial

Table 5.1: Periods and Period Spacingsfor GD 358 and Best-t Models

Obsened 3-par t 5-par t 7-par t
k P ¢P P ¢P P ¢P P ¢P
08:: 423.27 40.96 422.31 42.26 422.36 40.92 422.75 39.69
09:: 464.23 37.36 464.57 36.77 463.28 38.01 462.43 37.46
10::: 501.59 40.16 501.35 35.88 501.29 37.50 499.90 39.70
11::: 541.75 35.01 537.23 39.04 538.79 36.77 539.60 36.65
12:: 576.76 41.52 576.27 42.79 575.56 43.33 576.25 42.10
13:: 618.28 40.07 619.06 39.79 618.89 39.85 618.36 40.25
14:.. 658.35 42.29 658.85 42.97 658.74 42.36 658.61 42.90
15::: 700.64 33.66 701.82 32.76 701.10 34.33 701.51 33.44
16.:: 734.30 36.37 734.58 36.92 735.42 36.99 734.95 36.59
17.:: 770.67 40.03 771.50 39.30 772.41 37.34 771.54 39.60
18:: 810.7 44.1 810.80 44.34 809.75 44.63 811.14 44.15
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Figure 5.3: The periods and period spacingsobsened in GD 358 (solid points)
with the theoretical best- t models (open points) from (a) Bradley & Winget
(1994b), (b) Metcalfe, Nather & Winget (2000), (c) the 5-parameter forward
modeling preserted in x4.6, and (d) the reverseapproad. Uncertainties on the
obsenations are smaller than the sizeof the points in this gure.
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optimization in 5 dimensions.To make a fair comparisonwe usethe bestcarbon-
coremodel from Table 4.2, which represets the besttruly 3-parameter t. This
model had r.m.s. residualsof ¥{P) = 2:30 seconddor the periods and 3¢ P) =

2:65 seconddor the period spacings.For N = 11data points, the BIC leadsusto

expect the residualsofan, = 5 t to decreaseo ¥P) = 1:.84and ¥¢ P) = 2:13
just from the addition of the extra parameters. In fact, the t from the forward
modeling preserted in x4.6 has¥{P) = 1:28 and ¥¢ P) = 1:42, sowe conclude
that the improvemert is statistically signi cant.

The results of the reverseapproad presened in x5.2 are harder to evaluate
becausewe are perturbing the BV frequency directly, rather than through a
speci ¢ parameter. We consideread additional point in the internal chemical
pro le wherethe composition gradiert changesto be a freeparameter. Under this
de nition, the perturbed models are equivalert to a 7-parameter t sincethere
are three sud points in the pro les, comparedto only one for the 5-parameter
case. If we again usethe BIC, we expect the residualsto decreasefrom their
n, = 5valuesto ¥P) = 1:03 and ¢ P) = 1:14 seconds. After re-optimizing
the other four parametersusing the pro le inferred from the reverseapproad,
the residualsactually decreasedo ¥{P) = 1:11and 3¢ P) = 0:71 seconds.The
decreasen the period residualsis not signi cant, but the period spacingsare
improved considerably This is evidert in the bottom panel of Figure 5.3.

5.4 Chemical Proles

The internal chemical pro les correspnding to the best- t models from the 5-
parameterforward modeling and from the reverseapproad are shown in Figure
5.4 with the theoretical pro le for a 0.61 M- model from Salaris et al. (1997),
scaledto a certral oxygen massfraction of 0.80. The pro le from the best- t
forward modeling matchesthe location and slope of the initial shallov decrease
in the theoretical pro Te. The reverseapproad also nds signi cant structure in
this region of the model, and is qualitativ ely similar to the Salariset al. (1997)
pro le to the extert that our parameterizationallows. It is encouraginghat both
approahesagreewith ead other and bear someresenblanceto the models.
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Figure 5.4: The internal oxygenpro les (top) andthe correspndingregionof the
Brunt-VAis#ld curves(bottom) for the best-t forward model from x4.6 (dotted),

the result of the best-t reverse approah from x5.2 (dashed), and the scaled
theoretical calculations of Salariset al. (1997) for comparison(solid).
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